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Abstract. In 2008, Rogalski and Zhang IRZ08I showed that if R is a strongly noetherian connected 
graded algebra over an algebraically closed field k, then R has a canonical birationally commutative 
factor. This factor is, up to finite dimension, a twisted homogeneous coordinate ring B(X, £, cr); here 
X is the projective parameter scheme for point modules over R, as well as tails of points in qgr-i?. (As 
usual, cr is an automorphism of X, and £ is a cr-amplc invcrtiblc sheaf on X.) 

We extend this result to a large class of noetherian (but not strongly noetherian) algebras. Specifi- 
cs^ 1 cally, let R be a noetherian connected graded k-algebra, where k is an uncountable algebraically closed 
field. Let Yoo denote the parameter space (or stack or proscheme) parameterizing i?,-point modules, 
f***s and suppose there is a projective variety X that is a coarse moduli space for tails of points. There is 
, a canonical map p : Yoo — ¥ X. If the indeterminacy locus of is 0-dimensional and X satisfies a 
mild technical assumption, we show that there is a homomorphism g : R — > B(X, C, cr), and that g(R) 
is, up to finite dimension, a naive blowup on X in the sense of IKRS05I IRS07I and satisfies a universal 
^ property. We further show that the point space Yoo is noetherian. 



o 
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Dedicated to Toby Stafford on the occasion of his 60th birthday, with gratitude and admiration 

1. Introduction 



< 

^ (— | Let k be an algebraically closed field, which we assume in the introduction to be uncountable. A 

foundational technique of noncommutative algebraic geometry is to study a finitely generated graded 
k-algebra R = k © Ri © R2 © • • • via the parameter spaces for point modules over R: these are cyclic 
(right) modules with the Hilbcrt series 1/(1 — s). The main idea is due to Artin, Tate, and Van den 
Bcrgh j AT V90] , although the fundamental result was proved by Rogalski and Zhang. 

Rogalski and Zhang's result applies to strongly noetherian algebras. Recall that R is strongly noe- 
therian if R (St A is noetherian for any commutative noetherian k-algebra A. We recall also that if X 
is a projective scheme, a € Autk(A^), and C is an invcrtiblc sheaf on X, then we may define a twisted 
homogeneous coordinate ring B(X, C,a) by 



B(X,£,a) :=0i?°(X,£®£ ,T ®---®£ ,T " ). 

^sO . ra>0 

, (Here, as usual, we define C 7 := a* C.) If C is appropriately ample (the technical term is a-ample, 

defined in Section[7]), then B(X, C, a) is noetherian by |AV90I Theorem 1.4], and is strongly noetherian 
by |ASZ99I Proposition 4.13]. 
Rogalski and Zhang's result is: 

Theorem 1.1. / ]RZ081 Theorem 1.1] j Let R = k © i?i © R2 © • • ■ be a strongly noetherian graded 
algebra, generated in degree 1. Then there is a h-algebra homomorphism g : R — > B(X, C,o~), where X 
is a projective scheme, a £ Aut^(X), and £ is a a-ample invertible sheaf on X . Further, g is surjective 
in large degree and satisfies a universal property. 

The universal property in the theorem means, roughly, that the kernel of g annihilates any point 
module. We prove that g satisfies a different universal property in Theorem 14. 121 

The projective scheme X in Theorem ll.ll is the parameter scheme for point modules; it is a consequence 
of R being strongly noetherian that point modules are parameterized by a scheme rather than a more 
exotic object jAZOll Corollary E4.5]. If R is a (3-dimensional) Sklyanin algebra, then X is an elliptic 
curve and we recover the well-known embedding |ATV90| of an elliptic curve in a noncommutative P 2 . 

Ring theory would be less interesting if all noetherian algebras were strongly noetherian. Fortunately, 
this is not true, as shown by Rogalski |Rog04| . For example, let X be a variety of dimension > 2 and 
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let a, C be as above. Let PeI, and assume that the c-orbit of P critically dense: that is, it is infinite, 
and any infinite subset is Zariski-dense in X. (More generally, we may take P to be any O-dimensional 
subscheme of X supported at points with critically dense orbits.) We may use these data to construct a 
subring 



R = R(X, C, a, P) C B(X, C, a), 
by setting R n := H°{X,1 P C(1 P CY ■ ■ ■ (Zp£) CT "~ ). The ring R(X, C, a, P) is called the naive blowup al- 



gebra associated to the data {X, C, a, P). By [KRS051 Theorem 1.1] and |RS071 Theorem 1.1] , R(X, C, er, P) 
is always noctherian but never strongly noethcrian, and thus Theorem l 1 . 1 1 does not apply. However, there 
is trivially a map from R(X,C,a,P) to the overring B(X, C, a). It is a bit embarrassing that current 
theory does not recover this inclusion. 

In this paper we remedy the embarrassment. Our results apply, however, to a much larger class 
of rings: to all those whose point modules have the geometry of a naive blowup algebra. Let S be a 
noetherian graded algebra, generated in degree 1. We seek to answer two questions. First, is there a 
canonical map from S to a twisted homogeneous coordinate ring? Second, what can be said about the 
image of S under this map? 

To describe our main theorem, we establish notation for functors of points over noncommutative rings. 
Let R = k © Ri © • • • be a finitely generated graded algebra generated in degree 1. We will denote the 
functor of (embedded) i?-point modules by F. That is, if A is a commutative k-algebra, then F(A) is 
the set of graded cyclic right i?<S>k A- modules M such that each M n is a rank 1 projective A- module. Let 
M, N be i?-point modules. We say that M ~ TV if M>„ = TV>„ for n 0; that is, M and TV are equal 
as objects of noncommutative projective geometry, or, more formally, of the category qgr-i? of "tails" of 
graded modules (see jAZOlH . Let G := F j ~, and let 7r : F — > G be the quotient map. 

If we are willing to move beyond the category of schemes, the functor F is always represented by a 
geometric object, which we call Y^, and refer to as the point space of R; see Sectionj^l The geometry of 
G is often more complicated. For example, let R{X, C, a, P) be a naive blowup algebra as above. In an 
earlier paper [NS101 Theorem 1.3], the authors proved that in this situation in fact there is a morphism 
G — > X that makes X a coarse moduli space for G, so X corepresents G. In contrast, by [KRS051 
Theorem 1.1], G is not represented by any scheme of finite type. 

Our main result may be thought of as a converse of sorts to [NS101 Theorem 1.3]. We show that, 
under a restriction on the geometry of point modules, the existence of a coarse moduli scheme X for G 
ensures a canonical map from R to a twisted homogeneous coordinate ring on X. Further, we show that 
the image of R is (up to finite dimension) a naive blowup algebra. More specifically, we have: 

Theorem 1.2. Let k be an uncountable algebraically closed field, and let R = k©i?i0- ■ ■ be a noetherian 
graded k-algebra generated in degree 1. Let be the point space of R, as above. Suppose the following: 
(i) there is a commutative diagram of morphisms 



where X is a a projective scheme and a coarse moduli space for G. 
Suppose further that: 

(ii) X is a variety of dimension > 2 that is either a surface or locally factorial at all points in the 
indeterminacy locus of p~ l ; 

(iii) the map G —> X is bijective on k-points; 

(iv) the indeterminacy locus of p" 1 consists (set-theoretically) of countably many points. 



(1) there are an automorphism a of X , a a-ample invertible sheaf C on X, and a k-algebra homo- 
morphism g : R — > B(X, C,a), universal for maps from R to birationally commutative algebras; 

(2) there is a O-dimensional subscheme P of X , supported at points with critically dense orbits, so 
that the image of g is equal (in large degree) to the naive blowup algebra R(X, £,<r, P). 

We further obtain: 

(3) the point space Y^ is noetherian; and 

(4) the indeterminacy locus of p~ x is critically dense in X. 



F — Y 

1 — 1 c 
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Then: 
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See Theorem 18. 1 1 for a more detailed and technically precise statement of this result. 

We show in Corollary 13.51 that the hypotheses of Theorem 11.21 hold if R — R{X, L, a, P) is itself a 
naive blowup algebra as above. Our result thus recovers the inclusion of R(X, C, a, P) in B(X, C, a). 

The universal property in the theorem means, approximately, that any map from R to a skew poly- 
nomial extension of a commutative k- algebra factors through g. The existence of a factor of R universal 
for maps from R to birationally commutative algebras holds in substantial generality (see Theorem 14. 9p 
and does not require any assumptions on the geometry of the point space Y x . 

In [NSlOj we drew a parallel between Yoo and the Hilbert scheme of n points on S. We claimed 
there that Yoo should be thought of as a "Hilbert scheme of one point on a noncommutative variety" and 
that X should be thought of as a "coarse moduli space of one point," analogous to the symmetric product 
Sym™(5'). In light of this analogy, it is perhaps not surprising that we are not certain whether condition 
(iii) of the theorem, although it appears highly plausible, is automatically satisfied for reasonable classes 
of algebras. Indeed, the analogue for moduli of zero-dimensional sheaves on a smooth commutative 
surface fails: it is well-known that — > Sym n (S) is a (nontrivial) resolution of singularities for n > 1. 

We briefly describe the structure of the paper. In Section [2] we establish notation for point spaces 
of algebras and define the point space Yoo rigorously. In Section [31 we describe the point space of a 
naive blowup algebra and show that the hypotheses of Theorem 11.21 apply. In Section 0] we show, under 
very weak conditions, that the point space gives rise to a factor of R universal for maps to birationally 
commutative algebras. We show that graded ideals / of R so that R/I is birationally commutative 
correspond to certain substacks of Yoo, which we call "Stafford stacks." We believe these results are of 
independent interest. In Section [5] we assume the existence of a coarse moduli scheme X for G. We 
construct both the automorphism a of X and a map g : R — > k(X)[t; a]. In Section [5] we study how 
points and curves in X lift to Yoo- We prove the key result that any point where p _1 is not defined must 
have infinite order under a. In Section [7] we define the rest of the data for the naive blowup algebra 
R(X,£,a,P). We show that C is invertible and tr-ample, and that the orbits of points in P are dense. 
Finally, in Section [8] we prove Theorem 11.21 

Acknowledgments. The authors are grateful to Hailong Dao, Dan Rogalski, Karl Schwede, Toby 
Stafford, and Chelsea Walton for helpful conversations. The first author was partially supported by 
NSF grant DMS-0757987. The second author was partially supported by an NSF Postdoctoral Research 
Fellowship, grant DMS-0802935. 

Notation. The symbol k will always denote an algebraically closed field, often but not always uncount- 
able. All algebras and schemes will be defined over k. Modules arc by default right modules. 



2. Generalities 

In this section, we place the geometry of point schemes on a firmer footing and define the spaces Yoo 
rigorously. 

A connected graded k-algebra is an N-graded k-algebra R = Rq © iii © • • • , with Rq = k and all 
Ri finite-dimensional. Let R be a connected graded k-algebra generated in degree 1. We use subscript 
notation to denote base extension; that is, if A is a commutative k-algebra, let Ra '■= R <£>k A. Recall 
that a graded R- module M is bounded if there is an no such that M n = for n > hq. If all finitely 
generated submodules of a module M are bounded, we say that M is torsion. If M has no nonzero 
bounded submodules, then M is torsion-free. 

An RA-point module is a graded quotient M of Ra so that Mi is rank 1 projective over A for all i > 0; 
cquivalcntly, M is a graded cyclic i?A-module, flat over A, with Hilbert series 1/(1 — s). There is a (covari- 
ant) functor of points F : Commutative k-algebras Sets given by F(A) = { RA-point modules }. 
We sometimes, without comment, treat F as a contravariant functor from (affinc) Schemes to Sets. 

The functor F is a Hilbert functor as in [AZOlj . associated to the Hilbert scries 1/(1 — s). If we 
consider the equivalent functor for the Hilbert series 1 + s + ■ ■ ■ + s n , it is clear that it is represented 
by a projective scheme. Let this scheme be Y n (for n € N). That is, Y n parameterizes cyclic .R-modules 
M = M © • • • © M n , where dim Mi = 1 for < i < n. Note that Y = Speck. 

The truncation map M t-> M/M n gives a morphism <p n : Y n — > Y n —i, and the functor of points F 
is represented in abstract terms by Yoo '■= Umln. As in |NS10| . we consider Yoo as a stack. In this 

0„ _ 

language, a morphism from a scheme W to Yoo is given by a collection of compatible maps W —¥Y n . A 
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morphism from Yoo to W is defined as a morphism of functors from Yoo to hyy , the functor of points of 
W. For example, there is a natural morphism <L„ : Y^ —> Y n that sends a point module M to M/M> n +\. 

As in |NS1Q[ Proposition 4.2], the space Yoo may be formally given the structure of an fpqc- algebraic 
stack (this nonstandard terminology is defined in |NS10j . Section 4). We may also consider Yoo as a 
proscheme; this is the perspective of [AZOlj . However, these two points of view are equivalent. This 
follows from: 

Proposition 2.1. Let •■•Y n+ i — > Y n — > Y\ be a system of projective k-schemes and scheme- 

theoretically surjective morphisms (that is, morphisms Y n+ \ — > Y n with scheme-theoretic image Y n ). Let 
Yoo '■— limY„ be the fpqc- algebraic stack defined as above. Suppose p : Y^ — > A is a morphism to a 

scheme X of finite type over k. Then there is a compatible system of factorizations of the morphism p 
through the schemes Y n for all n sufficiently large. 

Proof. Fix no > 1. Choose a finite cover of Y„ by afhnc schemes U n0tOl and let U no := JJ U no-a . Now, 
given a cover {U n . a } of Y n by affines, let {J7„+i jQ ,} be a finite affine cover subordinate to the cover of 
Y n+ i by the inverse images of the U„ t0l ; then, defining U n +i = ]J J7 n +i, Q , we get a commutative diagram 

Y„+i ■< U n +\ 



Y -< U 

with scheme-theoretically surjective vertical arrows. Since each U n is a finite disjoint union of affine 
schemes it is itself affine, say U n = Spec(T„), and since U n +± —¥ U n is scheme-theoretically surjective we 
get a system of injective ring homomorphisms T n «-> T n+ i Let T := limT n and Uoo := Spcc(T). 

Then, since Uoo = limC/„, we get a morphism Uoo Yoo making all the squares 



Y U 

commute. 

Since X is of finite type, the composite Uoo — > Y^ — > X factors through a finite-type affine scheme 
W = SpccT' for some finite- type subalgebra T" of T. As T is the union of the T n , we have T' C T n for 
n 3> 0. It follows that Uoo —> X factors through morphisms U n — > X for all n sufficiently large. 

We now use (Zariski) descent to obtain a morphism Y„ — > X for n ^> 0. To show that U„ — > X 
is the composite U n — ^ Y„ — > X with a morphism Y n — > X, it suffices to check that the composites 
U n Xy n U n — >■ U n — > X with the two projections Ilj : U n Xy n U n — > U n (i = 1, 2) coincide. By hypothesis 
each Y n is projective, hence separated. It follows that each fiber product U n Xy n U n is again an affine 
scheme, say U„ Xy n U„ = Spec(T„). Moreover, the map U„+i Xy n+1 U n+ i —> U„ Xy n U„ is scheme- 
theoretically surjective for each n (each of these is a disjoint union of intersections of the open sets in 
the affine open covers of Y n+ i, respectively Y n , so this follows from the scheme-theoretic surjectivity of 
Y n+ i — > Y n since the cover of Y n+ i refines the cover of Y n ). 

Observe next that lim U n Xy n U n = Uoo x y x Uoo (cf. Lemma 4.5 of |NSI0| ). Because the map 

Uoo —> X is defined as the composite Uoo — > Yea A, the two maps Uoo Uoo Uoo —> A, where 
IF the projection on the ith factor, coincide. But we have: 

Lemma 2.2. Suppose f,g : Z =t A are two morphisms of schemes and II : Z' Z is scheme- 
theoretically surjective. Then f = g if and only if /LI = gll. 

Proof of Lemma. By definition, LI is surjective as a map of topological spaces. Hence / = g as maps of 
topological spaces if and only if fll = gll as maps of topological spaces. Now suppose that fli = gll as 
morphisms of schemes; thus / = g as maps of topological spaces. We thus have (/n),Oz» = (g!l)*Oz'- 
Scheme-theoretic surjectivity of n means that Oz — > H*Oz> is injective; thus, so are f*Oz — > (fH)*Oz' 
and g»O z -> (gU)*G z > = (fH)*G z >- It follows that f*O z = g*O z and that 

Ox ^ f,O z is zero iff O x ^ f*O z -> (/n),0 Z / is zero, 
completing the proof. □ 
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Since Uoo Xy M f/oo — > U n Xy n [7„ is an inverse limit of scheme-theoretically surjective maps of afhne 
schemes, and hence is itself scheme-theoretically surjective, it follows that the composite maps U n Xy n 

U n -5*> U n — > X coincide. So the map U n — > X descends to a map Y n — > X, as desired. □ 

Corollary 2.3. Let ■ ■ ■ Y n+ \ ^ Y n — > ■ ■ ■ —*Y\ and ■ ■ ■ X n+ \ — > X n — > ■ ■ ■ — >• X\ be systems of 
projective k-schemes and morphisms. Let Yoo = limY^ and Xoo = limA"i be the fpqc- algebraic stacks 

defined above. Let Yj be the (scheme-theoretic) image of the natural map from Y^ — )• Yj. Then 

Rom(Y 00 ,X oc ) = limlnnHomlT/,^). 

i 3 

Proof. By definition, 

Hom(Y 00 , Xoo) = hniHom(Y" 00 ,X i ). 

i 

Thus it suffices to prove the corollary in the case that Xoo = Xi is a projective scheme. 

For all n > m S N, we write n_m : Y n — > Y m for the induced morphism. Now, Y^ = f~| ■ <fr>(Y m +j) is 
easily seen to be a closed subscheme of Y m and is therefore projective; further, Yoo = hm Y^. That is, 
we may replace Y m by Y^ and assume without loss of generality that the 4> k are all scheme-theoretically 
surjective. But now it follows directly from Proposition 12.11 that Hom(Y 00l Xj) = lim. Hom(Y' , Xi). □ 

Note that 

Hom proschomo (F 00 ,X 00 ) = lim lim Horn (Yj, Xj) 

i 3 

(see |AM861 Definition A.2.1]) Thus Corollary [23] implies that we may equivalently think of Xoo and YJx, 
as proschemes or as fpqc-algebraic stacks, as long as we are willing to replace Yj by YJ. 

In the sequel, we will continue to speak of the geometry on an object such as informally, considering 
it rigorously as either a stack or as a proscheme only if necessary. 

We will always use the following notation for parameter spaces of point modules. 

Notation 2.4. Let R be a connected graded k-algebra generated in degree 1. Let Y n (for n £ N) be the 
projective scheme representing graded cyclic i?-modules with Hilbert series 1 + s + ■ • • + s n . 

If n > 1, there are two morphisms <j> n ,ij) n ■ Y n —> Y n -i, where <j> n (M) = M/M„ and ip n (M) = M[l]> . 
Clearly </!>„_ iV>n = i>n-l4>n- We will write (f> k : Y n+k -» Y n to denote the map <j) n +i4>„+2 ■ • ■ 4>n+k, and 
similarly for ip k . By <fi h (Y n+ k) we mean the scheme-theoretic image of 4> k : Y n+ k — > Y n , and similarly for 
iP k . 

Let Yqo := lim^ Y„ . We refer to Yx as the the point space of R, and to the collection {Y n , <f> n , xj} n } as 
the point scheme data of R. Let \& : Y^ — > Y^ be the endomorphism of Yoa induced from the maps ip n ; 
that is, if?(M) = M[l]>o- Let 4>„ : Yoo Y n be the canonical morphism. 

Let F = Yoo be the functor of embedded point modules of R. We note that Y^ represents F. Let G 
be the functor of point modules up to isomorphism in qgr-i?. That is, define M ~ N if M>k = N>k for 
k > 0; equivalently, if ^ k (M) = ^ k (N). Then G is the sheafification (in the fpqc topology) of Fj ~. 
There is a canonical quotient morphism 7r : F — > G. 

If S : W — > Yoo is a morphism, we let 8 n := $ rl (5 : W — > Y n without comment. 

We will often use the following result of Rogalski and Stafford. 

Proposition 2.5. • USD!), Corollary 2.7]) Fix N e N. Let R be a noetherian connected graded k- 
algebra generated in degree 1, and adopt Notation \2.J\ For each n > N, let H„ be a finite set of (not 
necessarily closed) points ofY„, such that <p n (H n ) C H n —\, or respectively tp n (H n ) C H n —\. Then for 
n 3> N , the cardinality #H n is constant, and <p n , or respectively tp n , gives a bijection between H n and 
H n -i. Moreover, if x 6 f or an U such n, then , or respectively ipn 1 * s defined and is a local 

isomorphism at x. □ 

3. Point spaces of naive blowups 

In this section, we apply the constructions in Section [2] to naive blowup algebras. We show that a 
naive blowup algebra that is generated in degree 1 gives an example of the geometry in Theorem 11.21 
Most results here are immediate consequences of results in [NS10J . 

We will need to work briefly with bimodulc algebras (see }Van96j ) . Here we give only a few definitions; 
more detail appears in INSlOj . Let X be a scheme. An Ox-bimodule is a quasicohercnt sheaf T on X x X, 
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with a left structure given by (pr^^T and a right structure given by (pr 2 )*.F. The basic example is the 
bimodulc 

g a := (1 x a)*g, 

where Q is a quasicoherent sheaf on X and a G Autj^A). Note that J r cr (g)Q T = (J-®x Q a )ra by [KRS051 
Lemma 2.3]. If Q is a quasicoherent sheaf on X it may be regarded trivially as a bimodule via the 
diagonal map (1 x 1)*<5, and we will do so without comment. A bimodule algebra is an algebra object in 
the category of bimodules: that is, a bimodule TZ with an associative multiplication TZ ® TZ — > TZ. 

Let X be a projective variety of dimension > 2. Let a G Aut(A) and let £ be a er-ample invertible 
sheaf on X. As usual, we define C n := C <S) C a <8> • ■ • <8> 1 • Let P be a zero-dimensional subscheme of 
X. We define a bimodule algebra TZ = TZ(X, C, cr, P) as follows: we have TZ = ©„> TZ„, where 

TZ n = XpXp . . . Xp C n . 
Then TZ has a natural multiplicative structure induced by the multiplication maps 

Note that R(X, C, a, P) = H°(X, TV). 

There is a natural way to define a (right) module over the bimodule algebra 1Z. We will only need 
this in the following specific case: 

Definition 3.1. Let TZ := TZ(X, C, cr, P). The graded quasi-coherent sheaf Ai := @ M. n on A is a 
right TZ-module if there are maps A4 n ® TZ^ — > M n + m for all n, m G N that satisfy the appropriate 
associativity condition. 

For example, if X is an ideal sheaf on X, then X7Z is a right 7?.-submodule of TZ. 

The algebra R(X, C, a, P) and the bimodule algebra TZ(X, C, cr, P) may be defined for any O-dimensional 
P, and in the sequel we will do so. In this section, however, we will assume that P is supported on points 
with critically dense orbits. Then TZ(X, £, cr, P) and R(X, £., a, P) are noetherian [RS07[ Proposition 2.12, 
Theorem 3.1]. As in jNSlOj . for any £ G N we may define a noetherian fpqc-algcbraic stack iZoo, param- 
eterising ^-shifted point modules over TZ. A k-point of is a graded factor M. of the right TZ- module 
TZ>i so that there is some x G X with M. n = k x for n > t. There is a natural morphism 

r : eZoo -4- X 

M i y Supp M. 

The map r is easy to understand; in particular, we immediately have: 

Lemma 3.2. Let X,£,o~,P as above, and let £ G N. Let r : iZ^ — > X be the morphism defined above. 
Then the indeterminacy locus of r _1 is precisely 

ft := (J{cr-™(SuppF) | n > 0}. 

Proof. Let x G X \ ft. All TZ n are invertible at x. It is clear that TZ>i/X x TZ>i is the unique point 
in r^ 1 (x). A similar argument shows that the scheme-theoretic fiber of x is also trivial. Thus the 
indeterminacy locus of is contained in ft. 

For n G N, let X n := Xp ■ ■ - Xp" . The first paragraph shows that r _1 is defined at the generic point 
of X. By [NSTOj Theorem 5.11], there is a connected component X^ of gZ^ so that r\x x ■ Xoo — )• X is 
birational, and so that 

Xoo = limBli ri A. 

The indeterminacy locus of the inverse birational map X — -» X^ is ft, and so the indeterminacy locus 
of r _1 is precisely ft. □ 

Let £ G N. As in INSlOj . let lY^, be the fpqc-algebraic stack which parameterises £-shifted point 
modules of R: that is, factors of R>e with Hilbert series t l /(l — t). For £ S> 0, the stacks iZ^ and gY^ 
are isomorphic, under a mild technical hypothesis. 

Theorem 3.3. (cf. |NS101 Theorem 6.8]) Let X, C, a, P be as above, and let R := R(X, C, a, P). 

(1) Suppose that R n = (Ri) n for n>0. Then there is £o G N so that for I > £q, the global sections 
functor induces an isomorphism 



S ■ (Zoo — > iYoa. 
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The inverse morphism s _1 : gY^ — > tZ^ acts as follows on k-points. Let y 6 gYoo be represented 
by a graded module S>i/J. Then s^ 1 (y) is represented by the factor 1Z>i/ J , where J n is the 
subsheaf of '1Z„ generated by the sections in J n . 
(2) If we replace R by a sufficiently large Veronese, or alternatively replace C by a sufficiently ample 
£ ' , then R itself is generated in degree 1 and we may take £q = above. 

Proof. (1). If R is generated in degree 1, this is |NS101 Theorem 6.8]. The statement here is an immediate 
generalisation. 

(2). By [RS071 Proposition 3.18], i? (n) is generated in degree 1 for all n > 0. We then apply (1) to 
i?( n ); if we replace R^ by then clearly we do not need to shift the point modules. 

By [RS071 Proposition 3.20], if M is ample and globally generated then some R(X, M® m , a, P) is 
generated in degree 1. That we may also take £q = (possibly by changing the invertiblc sheaf again) is 
the comment after Definition 6.3 of [NSlOj . □ 

In the next result, we use the isomorphism s of Theorem 13.31 to study the unshiftcd point schemes of 
a naive blowup algebra. We number the parts of this result to be consistent with Theorem 11.21 

Proposition 3.4. Let X,C,a,P be as above and let R := R(X, C, a, P) . Suppose that R n = i?" f or 
n > 0. 

Let S be a graded subalgebra of R so that S is generated in degree 1 and S n = R n for n>0. Let 
be the point space for S, and let "J : Y x —> Y x be the shift morphism M i-> M[l]>o- 
Then there is a morphism q : Yoo — > X that satisfies the following properties: 

(i) the morphism q is constant on ^-equivalence classes, and the factor morphism 



G ^X 

makes X a coarse moduli space for q; 
(hi) the map G — > X is bijective on k-points; 

(iv) the indeterminacy locus of q~ x is [J{(7~™(Supp P) | n > 0}, and in particular is countable. 

Furthermore, 

(*) ^oo is noetherian; and 
(t) q^ = aq. 

Proof. Let £q £ N be given by Theorem I3.3f 1). and let I > £q be such that S>i = R>i- Then {Yoo also 
paramctcriscs ^-shifted point modules over R. 

As in the proof of }NS101 Theorem 6.8], there is a natural "tail" morphism 

T : Y x -> eY^ 

given by restricting a surjection / : S — > M to f>i : S>i — > M>(. Let q : — > X be the composition 

T s- 1 



X. 

We verify that the conclusions of the proposition hold for q. 
(iv). By Lemma 13.21 the indeterminacy locus of r _1 is 

n := |J{<7-"(SuppP) I n > 0}. 

We claim that this is also the indeterminacy locus of q ■ 

Let Y"cx? be the point space for the Veronese R^ = . To give an ^-shifted point module M over S, it 
is equivalent to give a right ideal J of S so that J < e = and J>£ is the kernel of the surjection S>£ — > M. 
Let jW := n J nt . Then there is a natural morphism v : (Y^ — > Y^\ where v{M) — fiw/jw. 

The composition v o T : Y x -» Y$ sends M h-> MW. By [RS071 Lemma 3.7], v o T is a closed 
immersion. Thus T is a closed immersion and so therefore is s~ l T. Thus to show that Q is the 
indeterminacy locus of it suffices to show that Im(q) 2 X \ O. 
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Let 1Z := 1Z(X, C, a, P). Let x G X \ fl be a k-point. Define 

J x :=@S n nH (X,l x K n ). 

n>0 

The co-dimension of (J x ) n in S n is or 1 for all n. However, it follows from the fact that R n = (Si)" 
for n 3> that the sections in S„ generate lZ n for all n £ N. Thus we cannot have S n = {J x ) n , and 
:= S/J x is a point module. From the construction of s" 1 in Theorem 13.31 we see that q(M x ) = x. 
(i) . By construction, q docs not depend on the particular value of I chosen, as long as I is sufficiently 
large. It follows that q is constant on ^-equivalence classes and thus factors through G. Wc thus have a 
commutative diagram 




where s 1 T is a closed immersion. By |NS10i Proposition 7.3], G — > X makes X a coarse moduli space 
for G. 

(iii). That G -> X is bijective on k-points follows from |RS071 Theorem 1.2(4)(5)]. 

(*). By [NS101 Theorem 5.11], is noetherian. Thus the closed substack is noetherian. 

(f). If M is a coherent graded right 72.-module, it follows as in |KRS051 Lemma 5.5] that .M[l]„ = 
Mn+i- If is a (truncated) point module, therefore, we have Supp(.M[l]) = cr(Supp( J M)). It follows 
that = aq. □ 

Corollary 3.5. Let X,C,a,P be as above and let R := R(X, C, a, P). Let be the point space of R. 
Lf R is generated in degree 1, there is a morphism p : Y^ — > X satisfying the hypotheses of Theorem \1.2i 

Proof. Hypotheses (i), (iii), (iv) follow directly from Proposition 13.41 with p = q. Hypothesis (ii) holds 
by assumption, since the points in P have critically dense, and so dense, orbits. Any point with a dense 
orbit is contained in the nonsingular locus of X. □ 

4. Canonical birationally commutative factors and point parameter rings 

In this section we construct a factor of R universal for maps from R to birationally commutative 
algebras. Our results hold for any connected graded algebra generated in degree 1 over an algebraically 
closed field k, and we work in that generality. 

We begin with some more notation for point schemes. 

Notation 4.1. Let R be a connected graded k- algebra generated in degree 1, and adopt Notation 12.41 
For N g N, let 

Y% := p| ^ i (Y 2i+N ). 

We refer to Y? as the essential part of Y N . Let Y^ := lim^ Y* = f] k * fc (Foo)- Let Y r [ := f\ (j) l (Y n+l ) = 
Let P := P(iCf). Then Y n naturally embeds in : 



for any n6l, and there is a commutative diagram 



(4.2) 



Here a„(ai, . . . , a„) = (a 1: . 
M' := MJy', and let M e r 



WW 

[X(n- 1) 



i CL n -i), 
--M n W 



and P n {ai 



(«2, 



Let M n := C(l,...,l) 



Yn 



Let 



Wc will want to be able to restrict to the essential part Y£,. To do this, we use: 

ra generated in degree 1, and adopt Notation \4-l 



Lemma 4.3. Let R be any connected graded I 
Then 

y% = p| ^(r i+j+N 

for any N £ N. Further, 
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Y: 



Thus, #*(Y£) = Yfi (in particular, C j, and *(y£) = Y£. 

Proof. Fix N € N. For the first statement, it suffices to show that {<£ ^ (Y2k+iv)}ifc is coinitial in 
{(ffipi (Yi+j+w)}^. Let i,j E N, and let k := max(i, j). Then 

W(Y i+j+N ) 2cf> k ^ k (Y 2k+N ), 

as required. The other statements follow immediately. □ 

If R is strongly noetherian and generated in degree 1, then the point schemes Y n stabilize for n>0, 
and it follows that Y n = Y r [ = Y£ for n ^> 0. The need to distinguish carefully among the various point 
spaces is an unpleasant feature of the non-strongly noetherian case. 

We follow |RZ08j . Adopt Notation OJ Note that Y n carries a universal (truncated) point module 
B< n = ((f) n )*Ma © {^^YMi © ■ ■ • © M n . If M is the truncated i^-point module represented by 
5 n : Spec A — > Y n , then we have 

M * (S n )*B< n S (So)* Mo © {SiYMi © • ■ ■ © (6 n )*M n 

We define a sheaf B on by B := 0„> o {<S> n )*M n (see [LMB001 Chapter 13] and jOls07j for basics of 
sheaves on stacks). An honest point module M is determined by its truncations, so given an .R^-point 
module M represented by S : Spec A — > Y^, we have M = S*B. The existence of B (together with its 
i?-module structure) is equivalent to the statement that Y^ is a fine moduli space for point modules, 
which was observed in jNSlOj . 

As in |RZ08j . it is clear from the diagram (|4.2I) that 

(4.4) M n+m = (^ m )*M n © {i> n )*M m , 

and similarly for M' n and M. e n . Consider the natural maps M n — > (0 m )*(0 m )*A4 n and M m — > 
(4> n )*(ip n )*Mm- We obtain maps 

(4.5) H (Y n> M n )®H°(Y m> M m ) -> H\Y n ,^ m )^ m YM n )®H\Y m ,{^ n )^ n )*M m ) 

= H°(Y n+m , {<fr m )*M n ) ® H°(Y n+m> {i> n YM m ) -> i/°(r„ +m ,A4 n+m ). 
The composition gives a multiplicative structure on 

B:=0ff°(F n ,K) 

n>0 

and also on 

B':=0JJO(F4,7W;) and B e := @ H° (Y* , M e n ) . 

n>Q n>0 

By an elementary calculation, these multiplications are associative. There are obvious algebra homo- 
morphisms B — s> B 1 — s> B e . 

The ring B is referred to as the point parameter ring of R, and its basic properties are worked out in 
[RZ08j . If V is a vector space, we write T(V) for the (free) tensor algebra on V. 

Lemma 4.6. ( ,RZ08l Lemma 4.1],) The natural map T(R\) — > B factors through R to induce a homo- 
morphism 6 : R B. An element a is in (kcr#)„ if and only if for all commutative k-algebras A and 
all truncated RA-point modules M of length n + 1, we have Mqo = 0. 

The map 8 induces homomorphisms 0' : R — > B 1 and 9 e : R —> B e . We obtain immediately the 
following universal property of 9': 

Corollary 4.7. Let R be a connected graded k-algebra generated in degree 1, and define 8' : R — > B' as 
above. Then 

kertf' = Q{A im R (M ) | M is an RA-point module for some commutative k-algebra A } 

= |^ > |{Annfl(M) | M is an RA-point module for some commutative k-algebra A }. 

Proof. The first equality follows immediately from Lemma 14.61 and the definition of Y^ . 

For the second, let M be an .R^-point module and let a £ ker#'. Then M^a = M)o<x = for any 
k e N, so Ma = 0. Thus kcr6>' C f] M Ann R M C f| M Ann R (M Q ) = kcrfl'. □ 

We are most interested in the ring B e and the map 9 e : R — > B e . Here wc have an important universal 
property, which holds in very large generality: we do not even need R to be noetherian. 
We define: 
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Definition 4.8. A birationally commutative algebra is a subalgebra of a skew polynomial extension of 
a commutative noetherian k-algebra. 



Note that for our purposes here, we will require the commutative algebra in Definition 14.81 to be 
noetherian, although we caution that this is non-standard. 
Then we have: 

Theorem 4.9. Let R be a connected graded k-algebra, generated in degree 1, and define 9 e : R — > B e as 
above. Let a : R — > A be a homomorphism of graded k-algebras, where A is birationally commutative. 
Then a factors through 9 e up to finite dimension; that is, there is some n eN so that kera ~D (ker# e )>„. 

Proof. Without loss of generality, we may assume that A = A[t; r], where A is a commutative noetherian 
k-algebra and r G Aut k (A). Let S := a(R), and let / := A^it" 1 ) C A. Adopt Notation [2^1 

First suppose that I = A. Then the natural map Ra — > A is surjective, so A is an .R^-point module. 
Since Foo parameterizes point modules, there is a morphism 5 : Spec A — > 5^, so that At n = (S n )*M n = 
8*{$ n )*M n for all n 6 N. 

Since A[l]>o = A r (as an i? J 4-module) , the diagram 

Spec A — — 



Spec A > Yao 

o 

commutes. Note that this shows the (scheme-theoretic) image of S is contained in Y^, as r S Autk(A). 
From the maps 

B e = ®H°(Y*,Ml) e#°(Spec A, (S n )*M e n ) = A, 

we see that a factors through 9 e . 

Now suppose that / is a proper ideal of A. Let = J\ PI • • • n J s be a minimal primary decomposition 
of the ideal of A, where Jj is P^-primary. Reorder the Pj so that P\,. . . ,P r are the primes containing 
some t % (I), and P r +i, ■ ■ ■ , P s ar e the primes that do not contain any t 1 (L). Let K := J\ H ■ • ■ H J r , and 
let K' := J r+ i n • • • n J s ; we may have K = A or K' = A. However, K n K 1 = 0, and K and K 1 are 
t- invariant. 

Since r permutes the finite set P\ 1 . . . ,P r , there is some N so that It(I) ■ ■ ■ r Ar_1 (7) C K. Thus 
S n t~ n n K' C K n K' — for n > N. If K' = A then this means that S is finite-dimensional, so the 
result holds. Otherwise, let f be the induced automorphism of A/K', and let ir : A[t;r] — > (A/K')[t;f] 
be the natural map. We see that (kera) n = (ker7ra)„ for n > N. 

It thus suffices to prove the proposition in the case that / is not contained in any associated prime 
of A. Assume this is so. Let A' := Q(A), the total ring of quotients of A. By prime avoidance 
[Eis95l Lemma 3.3], L is not contained in the union of the associated primes of A, and so by |Eis95l 
Theorem 3.1(b)], / contains a regular element of A. Thus LA' = A'. Note that r extends to an 
automorphism r' of A' . There is an induced map a 1 : R — > A'[t; r']; and as LA' = A' this factors through 
9 e by the first part of the proof. But A C A', so kera = kera' and a also factors through 9 e . □ 

We note that in the situation of the last paragraph of the proof, A'[t;r'] is torsion- free. For, if 
/ a 6 i', then A'at k ■ R n = aA't n+k ^ 0, for any n, k. Thus we have shown: 

Proposition 4.10. Let R be a connected graded k-algebra generated in degree 1. Let g : R —> A[t; r] be 
a map of graded rings, where A is commutative noetherian and t £ Autk(-A). Let L := kcr g. Then there 
is a map tt : A[t;r] — > A'[f;r'] of commutative graded k-algebras, where A' is a noetherian total ring of 
quotients with an automorphism r' extending t, so that kcr irg is equal to the saturation of L. Further, 
7r(g(R))A' = A'[t;r'}. □ 



Theorem 14.91 shows that 9 e is universal for maps from R to birationally commutative algebras. We 
do not believe this has been observed before. Motivated by this result, we (loosely) refer to the image 
9 e (R) as the canonical birationally commutative factor of R; but note Example 14 . 1 1 1 by way of caution. 

Example 4.11. Let V be a d + 1-dimcnsional k-vector space and let R := T(V) be the free algebra on 
V. Then Y n = (P d ) xn , and B = B' = B e = © n H°(Y ni 0(1, . . . , 1)) = R. Thus 9 e (R) itself may not be 
birationally commutative. We thank Chelsea Walton for pointing out this example. 



The differences between B e , B 1 and B, or alternatively between 8 e , 9' and 9, are fairly subtle. If R is 
strongly noetherian, then the Y n stabilize, as mentioned. Then |RZ081 Theorem 1.1] shows that B (and 
therefore B' and B e ) is equal in large degree to a twisted homogeneous coordinate ring on the projective 
scheme Y 00l and that the map g : R —> B is surjective in large degree. In fact, we have: 

Theorem 4.12. Let R be a connected graded strongly noetherian algebra generated in degree 1, and 
let g : R —¥ B(X, C,a) be the map constructed in Theorem Then g is universal for maps from 

R to birationally commutative algebras, and kcrg, ker# e ; kcr9', and ker# are all equal in large degree. 
Likewise, B, B' , B e , and B(X, £,o~) are all equal in large degree. 

Proof. We certainly have ker 9 C ker 8' C kcr 9 e . Since B(X, C, a) is birationally commutative, (kcr 9 e ) n C 
(ker g) n for n ^ 0. By |AZ011 Corollary E4.12], for n>0we have that <fi n , ip n : Y n — > Y n ^\ arc isomor- 
phisms. It follows that Y n = Y£ for n ;2> and that Yoo = Y^ is a projective scheme, isomorphic to Y n 
for n ^> 0. The construction in the proof of |RZ081 Theorem 1.1] gives X = Y^, so B(X,C,a) and B 
are equal in large degree. Thus ker g and ker 8 are equal in large degree. Since by |RZ081 Theorem 1.1] 
g is surjective in large degree, B, B' , B e , and B(X,£,a) are equal in large degree. 

The universal property of 8 e clearly also applies to g. □ 

In fact, Theorem 14. 121 holds more generally: it is enough to assume that R has subexponential growth 
and that 4>n and ip n are isomorphisms for n ^ 0. See IRZ081 Theorem 4.4]. 

We suspect that if R is noetherian, then ker (9 and ker# e are equal in large degree; we will see later 
that, in the situation of Theorem 11.21 ker (9' and ker(9 e are in fact equal. It is possible that 9 e is always 
surjective (in large degree); we do not know of an example of a ring generated in degree 1 where this 
fails. Even under the hypotheses of Theorem 11.21 however, we have not proved these statements. 

Our next result shows that if R is noetherian, there is a bijection between kernels of maps from R 
to birationally commutative algebras (up to finite dimension) and an appropriate class of ^-invariant 
substacks of Yoo. This generalizes |RS09l Proposition 3.3]. 

Definition 4.13. An fpqc-algcbraic stack Xoo is a Stafford stack if there is a morphism 8 : Spec A — > X x , 
where A is a commutative noetherian Ik-algebra, so that Xoo is the closure of the scheme-theoretic image 
of 8. 

A Stafford stack has finitely many irreducible components and is noetherian at generic points; it may 
not be noetherian itself. 

Proposition 4.14. Let R be a connected graded noetherian k-algebra, generated in degree 1, and adopt 
Notation \2.4\ There is a bijection between 

{ ^-equivalence classes of kernels of homomorphisms from R to a birationally commutative algebra } 

and 

{ ^ -invariant closed Stafford substacks A"^ C Y x }. 

Before proving this, we give a lemma. 

Lemma 4.15. Let h : Spec A — >• Y be a morphism of schemes, where A is a total ring of quotients of 
an affine commutative k-algebra. Let A4 be an invertible sheaf on Y. Let L := _ff°(Spcc A, h*Ai). Then 
L is a rank 1 free A-module. 

Proof. The maximal ideals of A are the maximal associated primes of A, and there are finitely many 
of these. Thus A is semilocal, and is a direct sum of finitely many indecomposable semilocal rings, 
A = A\ © • ■ ■ © Ak ■ Each L g)^ Ai is locally free of rank 1 over Ai . By |Hin62j , L ®a Ai is actually free 
over Ai. Thus L = A. □ 

Proof of Proposition \4AJj\ Let a : R — > A[t\T\ be a map of graded k-algcbras, where A is commutative 
noetherian and r G Autk(yl). We are only interested in the ^-equivalence class of L := ker a, and 
so we may assume without loss of generality that / is maximal within its ^-equivalence class. By 
Proposition 14. 1 Jl this means that / is saturated, and we may assume that A is a total ring of quotients 
and that A[t;r] is an Ji^-point module. There is thus an induced map 8 : Spec A —> Y^, with ^>8 = St. 
Let X n := 6 n (Spec A) C Y n , and let Aoo := |m J„. As t is an automorphism, Xoo is ^-invariant. It is 
a Stafford substack of Y^ by construction. 
This construction defines a map 

p : { ideals / of R so that R/L is birationally commutative} — > { substacks of Y^ } 

li 



that is constant on ^-equivalence classes. Conversely, let A be commutative noctherian and let Spec A — > 
Xoo C Yoo be a VP-invariant closed Stafford substack of . We must obtain a homomorphism from R 
to some A'[t; t\. Note that we may not be able to localize A to obtain A' . 

Instead, let X n := $„(X DO ). Each X n is a closed subscheme of Y n with 4>(X n ) = ip(X n ) = X„_i. Let 
G be the finite set of associated primes of A and let G n :— 5 n (G). Clearly X n — G n . By Proposition ^. 51 
there is some JVgNso that both cj> n and ijj n are local isomorphisms at each point of G n for n > N. It 
follows, after possibly increasing N, that both 4>n\x n '■ X n —} X n _i and ip n \x n '■ X n — > X n -\ are also 
local isomorphisms at each point of G n for n > N . 

Let K. n be the sheaf of total quotient rings of X n . Then H°(X n ,IC n ) is a total ring of quotients, and 
(f>*,ip* : H°(X n ,IC n ) -> H°(X n+1 ,K. n +i) are ring isomorphisms for n > N. Let A' := H°(X N ,K N ). 

Note that A' is a localization of an afiine algebra, since Xn C Yn is of finite type. Let in ■ Spec A' — > 
be the inclusion, and let z„ := <f> N ~ n i]y : Spec ^4' — > X n C y„ for n S N. (Our choice of iV ensures this 
is always well-defined.) We thus obtain a map i : Spec A' — > Y^. Clearly, z(SpecA') = (5(Spec^4) = I M . 

Let t' := i^ipN+i&N+ii-N '■ Spec A' — > Spec A', and let r' : A' — » A' also denote the induced algebra 
automorphism. We have 

(4.16) Vn+l«n+l = 4^' 

for all neN. 

For neN, let C n := i n M n - Let S := @ n>0 iJ°(Spec A', £„). This is an i?^<-point module, and also 
a k- algebra, with multiplication induced from (|4.4p . By Lemma T4.15I each S n is free of rank 1 over A'. 
From (|4.16|) . we see that S = A'[t; t']. There is a natural algebra map R — > B — > S. 

Let 

p' : { ^-invariant closed Stafford substacks of Y^ } — > { ideals of i? } 

be the map given by setting p^Xoo) to be the kernel of the composition R — > S = A'[<;r']. Since 
i(SpecA') = <5(Spec A), therefore pp' (Xoo) = X^. 

On the other hand, suppose that Spec A C is given by p from a : R — > A[t; r], where 

without loss of generality A is a noetherian total ring of quotients and A[t; t] is an i?^-point module. 
Then applying p' gives a total ring of quotients A', an automorphism t' of A', and a dominant map 
Spec A — > Spec A'; that is, an inclusion A' C A It is clear that t\a> = t' . We thus obtain an inclusion 
A'[t; t'] — > A[t; r], where the diagram 

R A'[t;T'} 

c 

A[t;r] 

commutes. Thus p'p(kcra) = ker(i? — > A'\t\T']) = kera, which is saturated by Proposition 14. 101 

Thus p and p' give inverse bijections, as claimed. □ 




From the proof we obtain: 

Corollary 4.17. Let R be a connected graded noetherian k-algebra, generated in degree 1, and adopt 
Notation \2.4\ Let X^ be a ^ -invariant closed Stafford substack ofY^. Then the saturated ideal of R 
associated to X^ via the correspondence in Proposition \4-14\ is the kernel of a homomorphism of graded 
algebras 

g : R^ A'[t;a], 

where A' is the total ring of quotients constructed in the proof of Proposition \4-14\ an d 17 G Aut(A'). 
Ln particular, any ^ -invariant closed Stafford substack of Y^, is induced from a map from a scheme 
essentially of finite type to YJ^. □ 

We refer to the algebra A' above as the total ring of quotients of X^. 

Remark 4.18. The bijection defined in Proposition 14.141 is easily seen to be order-reversing in the 
following sense: if C X x are ^-invariant closed Stafford substacks of Foo, then the corresponding 
ideals satisfy (Iz)>n ^ [Lx)>n for n ^> 0. 
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5. Coarse moduli: first properties 

We now begin to work towards the proof of Theorem 1 1.2 1 In this section, wc assume the existence of 
a coarse moduli space G — > X . We construct an induced automorphism a of X and study some of its 
properties. 

Let R be a connected graded noetherian k-algebra generated in degree 1, and adopt Notation 12 .41 We 
will say that the projective scheme X is a coarse moduli scheme for G if there is a commutative diagram 

F = Y^ 



G 



X, 



so that the map G — > X makes X a coarse moduli space for G. We will say that p is an isomorphism in 
codimension d if p _1 is defined at all points in X of codimension d. 

Proposition 5.1. Let R be a connected graded noetherian k-algebra generated in degree 1, and adopt 
Notation \4-l\ Further suppose that the projective scheme X is a coarse moduli scheme for G. Then: 

(1) The endomorphism ^ ofY^ induces an automorphism a of X; 

(2) p : — > X is scheme-theoretically surjective; 

(3) if p is an isomorphism in codimension 0, then there is a k-algebra homomorphism g : R — » K [t; o~\, 
where K is the ring of (global) fractions on X. 

Proof. (1) We begin with the following observation: 

Remark 5.2. The quotient functor G = F/~ is the shcafification of the colimit of the following directed 
system: 

\Y Y ^Y ^Y 

More precisely, one writes Y^^ for the copy of indexed by I > 0. Defining a map Yoo.i — > G that 
takes M >-> ir(Al[— £]), the image of M[— £] in qgr-i?, then one evidently realizes G as (the sheafification 
of) the colimit of the directed system. 

We can define an endomorphism of this directed system by: 



(5.3) 



Y„ 



Yrx 



Y„ 



Y~ 



This induces a morphism ^ : G — > G of shcafificd colimits, and a commutative diagram 



Y„ 



G 



Y~ 



G 



X. 



Because X is a coarse moduli space for G, any map 1^, — > X that factors through tt must factor through 
p. Therefore, there is an induced morphism a : X — > X that yields a commutative diagram: 

(5.4) 




Besides the "obvious" identity self- map of the directed system {Foo, there is also the self- map 
(5.5) 
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From the description of G given by Remark l5.2[ this self- map induces the identity functor id : G — > G on 
sheafified colimits and hence the identity automorphism of X as well. Finally, observe that the composite 
of and 




(5.6) 



equals (|5.5[) . Hence (|5.6[) induces an inverse to on X, and in particular a is an automorphism. 

(2) It follows immediately from commutativity of JO]) that X = f|„ o n {X) = fln-P*™^) = p(Y^). 

(3) Since p is an isomorphism in codimenension 0, p^ 1 is defined at the generic point of all components 
of X. We immediately obtain a ^-invariant Stafford substack Xoo of whose total ring of quotients 
is K . Then the result follows from Corollary 14. 171 □ 

In this generality, we cannot say much about the map g or about g(R) — we do not know, for example, 
if g{R) is the canonical birationally commutative factor of R up to finite dimension. We do note that if 
we assume that p~ l is defined in codimension 1 and X is locally factorial at points in the indeterminacy 
locus of p~ l , then it is not hard to show (using an argument similar to that in Proposition [STSJ) that g(R) 
is contained in a twisted homogeneous coordinate ring B{X, C, a), where C is an invertible sheaf on X. 
We do not know, however, if C must be cr-ample. 

We note that Proposition 15.11 applies to the situation in Theorem 11.21 that we are most interested in. 



Lemma 5.7. Adopt Notation \2.4\ and assume that the hypotheses of Theorem \1.S\ hold. Then the 
morphism p is birational. More precisely, let r\ be the generic point of X , with function field K = k(n). 
Then p^ 1 is defined and is a local isomorphism at r\. Thus conclusions (l)-(3) of Provosition HOI hold 
for R. 



Proof. Adopt Notation 14.11 By Proposition 12.11 p : — > X factors through $„ for some no. Let 
/no : Y 7 [ ^ A be the induced map. For n > no, let 

fn :=f n J n - n °:Y^X. 

Let Q be the indeterminacy locus of p~ l ; by assumption, CI consists of countably many k-points. If 
n > no, then the indeterminacy locus of f~ x is a closed subset of X that is contained in CI: it is thus 
finite. Thus f~ l is defined at n; taking the limit, we see that p _1 is defined at n. □ 

We now suppose that the coarse moduli space X exists, and in addition that p : Y^ — > X is an 
isomorphism in codimension 1. This allows us to construct a sequence of reflexive sheaves on X, whose 
properties we now study. 

Notation 5.8. Adopt Notation 14.11 and suppose that there is a projective variety X that is a coarse 
moduli scheme for G. Suppose in addition that p is an isomorphism in codimension 1. 

Using Proposition 12.11 let no be such that p factors through <& n for n > no, and let /„ : Y„ — > X be 
the induced map. Note that {fn) -1 is defined in codimension 1 for n > no. 

For ri > no, let W n be the indeterminacy locus of : X —■* Y^. By assumption, W n has 

codimension 2 in X. Let U n := X \ W n and let i n : U n — > X be the inclusion morphism. 

For n > n , let K' n := {f n )*M' n and let N n := {i n )*{in)*Ki- For 1 < n < n 0, let K' n := 
(fn )4r°- n rM' n and let M n := (in )*{<)*K- 

Let K := k(X). Let a e Aut(A) and g : R — > K[t;a] be given by Propostion 15.11 Let C := 
(M l0+ i <8 (A^J ff ) vv . For n > 0, let 

C n := {C®C a ® •■■®£ CT "~ 1 ) VV . 

Let K' := jVg := O x . 

We collect some basic properties of the sheaves Af n , C n , and lZ' n . 



Proposition 5.9. Adopt Notation \5.8i In particular, suppose that there is a projective variety X that 
is a coarse moduli scheme for G and that p is an isomorphism in codimension 1. 

(1) The sheaves J\f n are reflexive for n > 0, and Af n = (lZ' n ) vv . 

(2) For n > the the natural map 1Z' n — > Af n is an isomorphism in codimension 1. 
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(3) There are "multiplication" maps 

K ® {K' m y n -> < +m 

/or all n > and m > no, satisfying the obvious associativity conditions. In particular, Ox © 
(J) rl> „ TZ n is a bimodule algebra. (See Section^) 

(4) For'any k > n a , we have C ^ (A4+1 ® (N' k ) a ) vv ■ 

(5) In fact, for any n > 0, we have J\f n = C n . 

Proof. (1), (2). Let n > no and let i := i n . Away from the codimension 2 set W n , the sheaf 1Z' n is 
invertible, as /„ is a local isomorphism. The kernel and cokernel of TZ' n — > Af n are supported on W n . 
This proves (1) and (2) for n > no; the proof for n < no is similar, using W no . 

(3) . Let m,n> no- The natural morphisms 

and 

induce maps 
and 

(a")X„ -> (cr™)^/™)*^™)*^")*-^™ = (O>")*(iW n )*0T)*AC = (fm + n)4rrM' m . 

If < n < no and m > no, there is a map 

K = {f no )*{4> n °- n YM' n -> (/„ o ),(</> m -" o+ "),(0 m "" o+n )*(0 no "")*A4; l = (/„ +m ),(o*AC 

For all n > and to > no, the isomorphism 

(5.10) (<r)*A< ® (r)*M' m -> A< +m 

observed in Section 2] thus induces a multiplication map 

K ® PC)'" "> (/n+m). (<T)*A< ® (W.lfl^K "> (/n+m).A^ +m = < +rn . 

(4) . If fc > no, then from (|5.10[) we have 

4>*(M' k ® (^ACi) -1 ) = O(l,0 fc )| n+1 = A4' fc+1 ® (V/Xl.)- 1 . 

Working on the open set where fk+i is an isomorphism, we see that the isomorphism class of C does not 
depend on the integer k > no used to define it. 

(5) . The multiplication maps induce morphisms J\f n ® A/j^ — > J\f n + m for all n > 0, m > no- Since 
f„+m is an isomorphism away from a codimension 2 locus in X and the A4 are reflexive, the induced 
maps {J\f n ®Nm ) vv = (i n +m)*in+m(Nn ® A/j£ ) — > N n + m must in fact be isomorphisms. Further, these 
maps are associative, since the corresponding property holds for f) 5 . 1 [) . 

Let k > no and n > 0; then we have 

□ 



The bimodule ©„ e Bj(A*)cr" is also a bimodule algebra. The global sections of a bimodule algebra have 
a natural algebra structure, and one can show that the natural map R — > (£) H°(X,Af n ) = (J) H°(X, C n ) 
is in fact an algebra homomorphism. However, it is easier to work instead with the map g : R — > K[t; a] 
defined in Notation l5.8l and given by Proposition 15. 11 and we do so. 
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6. Points and curves in Y c 



To prove Theorem 11.21 we must understand the geometry of point spaces at a finer level, and in 
particular, study the structure of the countable subset of X consisting of indeterminacy points of p^ 1 ■ 
We next focus on curves. Note the next result holds for any connected graded noethcrian R generated 
in degree 1, without further assumptions on the structure of Y^ or on the cardinality of k. 

Proposition 6.1. Let k be an algebraically closed field, and let R be a connected graded noetherian 
k-algebra generated in degree 1. Adopt Notation \2.4\ Let C be an irreducible projective curve in Y n , 
and suppose that is defined at the generic point of C. Then C contains only finitely many points of 
indeterminacy o/^" 1 . 

Proof. Let C be the normalization of C. Then the map C — >• C — > Y n lifts via the morphisms (f> m to 
maps C — > Y n+m for all m > 0. These maps stabilize for m ^ 0, by finiteness of the integral closure, to 
induce morphisms 

C C — Foo 

j * 

for some projective curve G, where j is birational and i is a closed immersion. 

Let U = Spec A be an open affine subset of C. Let M be the A-point module associated to 

U^C^Y^. 

Since A is an affine commutative k-algebra, the ring Ra is noetherian. Thus the right ideal I given by 

0->I-*R A ^M-+Q 

is finitely generated, in degrees < N . If a; is any k-point of U, the associated k-point module is M x := 
M ®a %n- Since M is A-flat, the sequence 

I <8u k x R M x ->• 

remains exact. In particular, the right ideal defining M x is generated in degrees < N . This precisely says 
that for m > N the map $,„ : Y^ — > Y m is a local isomorphism at x, and since x £ U was arbitrary, at 
all points of U. 

Covering C by finitely many open affines and increasing N if necessary, we see that $ at is a local 
isomorphism at all points of C. Thus the only components of the indeterminacy locus of that C 
may possibly meet are those in the indeterminacy locus of (cf) n ~ N )~ 1 : Y/v ~ * Y n . This is a proper closed 
subscheme of C and thus is finite. □ 

In the next few results, we consider the following slightly weaker version of the hypotheses of Theo- 
rem [Tj^J 

Hypotheses 6.2. Leth be an uncountable algebraically closed field, and let R be a noetherian connected 
graded k-algebra generated in degree 1. Adopt Notation \2.4\ Suppose the following: 
(i) there is a commutative diagram 



F^Y C 




G ^X 

where X is a a projective scheme and a coarse moduli space for G; 

(ii) X is a variety of dimension > 2; 

(iii) the map G -4 X is bijective on k-points; 

(iv) the indeterminacy locus of p" 1 consists (set-theoretically) of countably many points. 
In particular, we alert the reader that from here on, we will assume that k is uncountable. 



Corollary 6.3. If Hypotheses \ 6.2\ hold, then any curve in X contains only finitely many points of 
indeterminacy of p^ 1 . □ 

We next study preimages of k-points in Y^. We write a (not necessarily closed) point of Yx> as 
V = (lJn), with y n = $ n (y) g Y„. 



Proposition 6.4. Adopt Notation \2.4\ and assume that Hypotheses \672\ hold. Let x be a k-point of X , 
and let y,z be (not necessarily closed) points of p^ 1 (x) C Y^. Then $ (y) = ^ k (z) for k 3> 0. In 
particular, ^> k (z) is a k-point ofY^, for k 3> 0. 
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Proof. If y, z are k-points, this follows from the fact that G — > X is a bijection on k-points. It suffices, 
then, to prove the proposition in the case that z is not a k-point and y is a k-point; in fact, by the first 
sentence of the proof it suffices to prove the proposition for z and for one k-rational point y' G p~ 1 {x). 

Let z = (z„) and let Z n := {z n } C Y^. By Proposition ^. 51 there is some N G N so that for n > N the 
rational map 4>~ +1 is defined and is a local isomorphism at z n . Thus the fiber (f>~ +1 (z n ) is a singleton, 
equal to z n+ \. That is, for n > N the morphism </> n +i : Z n +i — > Z n is birational and scheme-theoretically 
surjective, and k(z n ) = k(z). Let := hm^ Z n . Let j/' = (y^) be a k-point of C Y^, 

For all fc e N, let 

z<*> := z w n $ JV ((* fc ) _1 * fc (y'))- 

More formally, 

z^=z N n f) n -"((V*rW„))- 

n>JV+fc 

This is a closed subscheme of Zjv, since is proper and y' n is a closed point. We have Z^ 1 "' C Z^ k+1 '. 

If y" G is a k-point, then \I' fc (y") = ty k (y') for some fc by the first sentence of the proof. That is, 
the countable union Z^ contains all k-points of $^(^00) = Z^. Since k is uncountable, we must 
have some Z( fc ) = Z N by the following. 

Lemma 6.5. Suppose Z is an irreducible variety over a field k of cardinality H. If S is a set of cardinality 
H strictly less than N and V C Z is a union of proper closed subsets Vi, i € S, then Z \ V contains a 
closed point. 

We are grateful to Ravi Vakil for the following argument. 

Proof. We may assume that each Vi is an irreducible hypersurface and Z is affine. Suppose the statement 
is true for Z = A", where n = dim(Z). Then Noether normalization gives a finite surjective map 
4> : Z — > A™ and the images of the Vi under <fi are irreducible hypersurfaces; if x G A" \ Ui g s</>(Vj) is 
closed, so is 4>^ 1 (x). So it suffices to establish the case Z = A", which we do by induction; n = 1 is 
clear. For the inductive step, project A™ — > A 1 ; only 3- many of the fibers can be among the Vi, so we 
can choose a fiber which is not among the V, and, by the inductive hypothesis, a closed point in it. □ 

Let n > N + k. As <p n ~ N ((ijj k )- 1 ijj k (y l n )) 3 z N , by choice of N we have 

z n = {^- N )-\z N )e^ k )-^ k {y' n ), 
and i; k (z n ) = ^ k {y' n ). Thus ^ k (z) = $ k (y'). □ 

Corollary 6.6. Adopt Notation \2.4\ and assume that Hypotheses 1 6. 2\ hold. Let x be a a-fixed k-point of 
X . Then p^ 1 (x) = {v} is a single k-point, and $ is defined and is a local isomorphism at v. 

Proof. Let z G p^ 1 (x). As pfy(z) = crp(z) = x, by Proposition 16.41 there is some k so that ty k (z) = 
is a k-point of Y^. Let v = (v n ) := ^> k (z). This is a k-point of p~ 1 (x). As ty(v) = v, we have 
ipn+i(vn+i) = (/>n+i(vn+i) = v n for all n G N. By Proposition 12.51 for n 3> both and are 
defined and are local isomorphisms at u n -i- Since * = ^im^ xp n , it follows that is defined and is 

a local isomorphism at v. By Proposition 16. 4[ p~ 1 (x) = {J keN '$'~ k (v). Thus p^ 1 (x) = {v} is a single 
k-point. □ 

We now prove a key result: that the point space Fqo differs from the coarse moduli space X only at 
points of infinite order. 

Theorem 6.7. Adopt Notation \2.4[ and assume that Hupotheses \6.2\ hold. Then all points where p^ 1 : 
X --■> is undefined have infinite a-orbits. 

Proof. We adopt Notation 15.81 to obtain maps /„ : Y„ — >• X for all n > uq, where the indeterminacy 
locus of J" 1 consists of isolated points. 

Suppose that x G X has a finite orbit. By passing to a Veronese of R, and thus replacing a by er", we 
may assume that o~(x) = x. By Corollary 16.61 = {v} is a single k-point. Using Proposition 12.51 

let N > no be such that <J>at is a local isomorphism at v, and let vn '■= &n(v). Then / J ^ 1 (x) = {vn}- 
We will show that /at is a local isomorphism at vm' that is, that /j^ 1 is defined at x. 

Let Wn be the (finite) indeterminacy locus of f^ 1 . Let C/i := Y^\/^ 1 (II^v\{a;})- Let U2 ■= A\{x}. 
Let U12 := ?7i \ {nw} and let [/21 := A \ Wjv- Let A be the glueing of U\ and U2 along the isomorphism 
$n ■ U12 — > UiX- 
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For j = 1, 2 let ij : Uj — > X be the canonical map. Since i\ = i2.fN as a map from J7i2 to X, we may 
glue ii and 12 to obtain a morphism i : X — > X which is an isomorphism away from ii^vif) G X. 
Let U 3 := Fjy x W}- Then f/ 3 U Ux = Y N and f/ 3 D f/i = ?7 12 . As 

[/ 3 [/ 2 X and U x X 

agree on U12, we may glue these maps to obtain a morphism h : Y N — > X, with ih = /jy. It follows 
from Proposition 15 . 1 [ 2) that h\u 3 is scheme-theoretically surjective as a map from Us — > U2, and so h is 
scheme-theoretically surjective. 

Let A be a commutative local Ik-algebra and let C := Spec A. Suppose that a,b : C — > are 
morphisms and that 1 & k a = fy k b. We claim that h^^a = hQpjb. It follows that the map h&N '■ ^00 — > X 
factors through it : F —> G. 

To prove the claim, let m be the maximal ideal of A. If a(m) 7^ v then necessarily b(m) ^ u and so 
/i$jy(m) G £2(^2)- Note that tj(C/ 2 ) = #2- Then 

h$ N a = i 2 pa = i 2 (J~ k p^ k a = i 2 (7~ k p^ k b = i 2 pb = /i$at6 

as claimed. On the other hand, suppose that a(m) = v = b(m). As "J is a local isomorphism at v we 
must have a = b, so certainly h^^a = h^>^b. 

By the universal property of X there is thus a morphism j : X — >• so that 

y 




X 9- X 

j 

commutes. Clearly ij = Idx, as ij is the identity on closed points and X is a variety. Thus jij = j 
As h^N = jp is scheme-theoretically surjective, j is also scheme-theoretically surjective. By Lemma 
we have ji = Idj^. Thus i = j -1 is an isomorphism, and both = (ih)^ 1 and p^ 1 = (Jn^n)^ 1 are 
defined at x. □ 



To end the section, we give an important ring-theoretic consequence of Theorem 16. 71 

Theorem 6.8. Let R be a connected graded noetherian algebra generated in degree 1 over an uncountable 
algebraically closed field k, and adopt Notation \2.4\ Assume that Huvotheses \6. 2\ hold. Let K be the field of 
fractions of X . Then there are an automorphism a of K and ak-algebra homomorphism g : R K[t:o~] 
so that kerg, ker(9 e , and ker#' are all equal. 

Proof. The automorphism a and the map g are given by Proposition 15. II 

We first show that kerg, ker^', and ker6 e are all equal in large degree. By Theorem 14.91 we have 
(kerg) 2> o 2 (ker# e )>o- As ker# e D ker#', it suffices to prove that ker6*' and kei g are equal in large 
degree. Let R := O'(R) and let J := (kcrg + ker#')/(ker#') C R. For n > n , let X n be the strict 
transform of X in Y^. Then 

J n = {h G R n C H°(Y^,M' n ) I h\ x „ = 0}. 

Since R is noetherian, J is finitely generated as a right and a left ideal. Thus for some N > uq there are 
b\, . . . ,bk G Jn that generate J> n as both a right and a left ideal. 

Let n > N and let h G J n , so /i|x„ is identically 0. Then there are a\, . . . , au, c%, . . . , G R n -N so 
that 

i i 

Now, if y G with / n (y) ^ Wjv, then /jy is a local isomorphism at <j? L ~ N (y). Thus each 6, vanishes in a 
neighborhood of 4> n ~ N (y), and so (<fi n ~ N )*bi vanishes identically along (<fi n ~ N )~ 1 <fi n ~ N (y) = fn 1 f n (y)- 
That is, from the first equation we conclude that h vanishes at all points in Y^ \ f^ 1 (Wpf)- Likewise, it 
follows from the second equation that h vanishes away from f~ 1 {a^^ n ^ N \WN))- Since by Theorem 16. 71 
all points in Wn have infinite a-orbits, for n 3> the set Wn H cr~( n ~ N '(WN) = 0, and all h G J n must 
vanish identically on Y^: that is, J n = for n ^> 0. 

We now claim that kerg = ker(9'. Let A be a commutative k-algcbra, and let M = Ra/I be an 
i?A-point module. By Corollary 14.71 J D ker^', and by the above ker6*' and kerg are equal in large 
degree. Thus there is some N G N so that I 2 (ker5)>jy. Thus (7 + kerp)/J is a torsion submodule of 
Mr. But we have: 
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Sublemma 6.9. Let R be a noetherian k-algebra generated in degree 1, let A be a commutative k-algebra, 
and let M be an RA-point module. Then Mr is torsion-free. 

Proof. Let m G Mj, and suppose that mRk = 0. By shifting, we may suppose that i = 0, and as M is 
an i?A-point module we may identify Mq with A and let m G A. By abuse of notation, we let 1 G Mo be 
the generator of M. Then we have = mRkA = 1 • mRkA = 1 • RkAm = M^rn. As M& = A, we have 

TO = 0. □ 

Returning to the proof of Theorem l6.8l the torsion submodule (/ + ker g)/I of Mr is 0, so ker g C J. 
As / = Ann# A (Mo) and M was arbitrary, we have 

kcr g C (^{Ann^Mo) | M is an i?^-point module for some commutative k-algcbra A }. 

This is ker 9' by Corollary 14.71 Thus we have ker 6' C ker g C ker 0' and the two are equal. 

We thus have ker g = ker#' C ker(9 e , and the three are equal in large degree. But g(R) C if[f; cr], and 
this is a domain; hence the torsion ideal (ker 9 e ) / (ker g) oig(R) must be 0, and kcr e = kcr g = kcr#'. □ 

Corollary 6.10. Assume Huvotheses \ 6.2\ hold, and let g : R — > K[t;a] be the algebra homomorphism 
constructed in Provosition \5. 1\ Then g is universal for maps from R to birationally commutative algebras. 
In particular, the canonical birationally commutative factor of R is birationally commutative. 

Proof. Since kcr g = kcr# e , this is just the universal property of 6 e from Theorem 14.91 □ 



7. Defining data for the canonical birationally commutative factor 

We now want to understand the canonical birationally commutative factor g(R) of R. We will see 
in the next section that g(R) is equal in large degree to a naive blowup algebra R(X,C,a,P). In this 
section, we show that C is invertible and a-ample. We construct the 0-dimensional subscheme P that is 
the missing piece of data for the naive blowup, and show that g(R) C R(X, C, a, P). We show also that 
the points in P have dense orbits. (In the final section, we prove that they have critically dense orbits, 
and that the indeterminacy locus of p^ 1 is supported on these orbits.) Throughout, we assume that the 
hypotheses of Theorem 11.21 hold. 

We begin by showing that C is invertible. We need a further piece of notation. 

Notation 7.1. Let R be a connected graded algebra generated in degree 1, and assume that the hy- 
potheses of Thcorcm ll.2l hold; further adopt Notation l5.8l For n > no let X n C Y n be the strict transform 
of X, and let Xoo := \^mX n C Y^. Let W' n C W n be the locus in X where (/ n |x„) _1 : X — • > X n is 
undefined, and let W := U„>„ W n . 

It is immediate that ip n (X n ) = X n -\ and ^(Aqq) = X^. Thus Xoo C Y^. 

Lemma 7.2. If X is a surface, then X is nonsingular at all points in W. 

Proof. Let A sing be the singular locus of X. Write A sing = A^ U X^ 2 \ where A^ is a (possibly 
reducible or empty) cr-invariant curve and X^ is 0-dimcnsional and a- invariant. Let w G W n A slng . 
By Theorem O the cr-orbit of w is infinite, so w G A sing \ X^ C A^ 1 '. 

Since p^ 1 = 1 $p^ 1 a^ 1 as rational maps from A --• * Aoo, we see that ct _1 (W) C W. As A^ 1 ' is 
(T-invariant, 

{o-- k {w) k > 0} c a (1) n w, 

which contradicts Corollary 16.31 Thus no such w can exist. □ 

Corollary 7.3. Adopt Notation \5.8l and assume that the hypotheses of Theorem \1. 6 A hold. Then C is 
invertible, and g(R) G B(X, C, a). 

Proof. By Proposition 15. 9f 5) it suffices to prove that Af n is invertible for n 0. Adopt Notation 17.11 
Let n > no, and let TZ'^ be the image of the natural map TZ' n — > J\f n . Then 1Z„ is the A-torsion-free 
part of TZ' n . Let x G A. If x £ W' n , then X„ is locally isomorphic to A at x, and so {TZ'n) x = (Nn)x is 
invertible. 

Now suppose that x G W n . If A is locally factorial at points of indeterminacy of then M n — 
(TZ' n ) vv is invertible by definition. If A is a surface then A is nonsingular at x by Lemma \7. 21 and so 
locally factorial at x. Again (M n ) x is invertible. 

That g(R) C B(X, C, cr) follows by construction. □ 
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Now that we know £ is invertible, we can show that £ is appropriately positive: that is, £ is cr-ample. 
The condition that £ is a- ample is technical but important: it means that the twisted tensor powers £ ra 
have the same good cohomological properties as the powers of an ample invertible sheaf. More formally, 
we say that a sequence {S n } of bimodules on a scheme X is left (respectively, right) ample if for every 
j > 1 and every coherent sheaf M. on X we have H J (X, S n <8> M) = (respectively, H^{X, M. ®S n ) = 0) 
for n ^> 0. An invertible sheaf £ is a-ample if {(£ n )a™} is left (equivalcntly, by [KeeOOl Theorem 1.2], 
right) ample. 

Let K be the function field of X, and let a denote also the element of Autk(K) that acts via pullback 
by a £ Autjj(A). Recall that a graded subalgcbra S of -ftT[i;cr] is big if there is some n > 1 and some 
u G S n so that K is generated by S^u -1 (as a field); morally, we want _ftT[i, er] to be the graded 
quotient ring of S. 

Theorem 7.4. Assume that the hypotheses of Theorem \l.S\ hold. and further adopt Notation \7.1\ Then 
C is a-ample. 

Proof. Fix n > hq. Let / := f n \x„, so / is birational, and let M. := A4„\x n - There are natural maps 

H Q (X n ,M)®0 Xn ^f*f*M ^M. 

Since Ai is globally generated, the composition is surjective, and thus f*f*A4 — >• J\4 is surjectivc. It is 
an isomorphism at the generic point of X n , and so A4 is the torsion- free part of f*f*M. 

There is a morphism of sheaves 7Z' n — > f*A4 whose kernel and cokcrnel are supported on W n . We have 
(/*.M) VV = (H' n ) yy = C n - Pulling back the canonical map f*M (/*A4) VV , we obtain a (nonzero) 
map f*f se A4 — > f*C n . Since f*C n is invertible and thus torsion-free, by the previous paragraph we 
obtain an induced injective map a : Ai — > f*C n so that 

ruM — >■ m 

f*Cn 

commutes. Let T '■= f*C n ® M~ Y . Then T is effective and as a divisor is supported on an /-exceptional 
divisor, say T . 

We claim next that C n is ample. We will use terminology and results from |Laz04j on big and nef 
(Cartier) divisors, and from |Ful98j on intersection theory; in particular, if V is a fc-dimensional subvariety 
of X, let [V] denote the associated fc-cycle in Ak(X), the group of fc-cycles modulo rational equivalence. 
Let /* : Ak(X n ) — > Ak(X) denote pushforward on cycle classes as in |Ful98j . We identify A (X) and 
A (X n ) with Z; thus /» : A (X n ) —> Aq(X) is the identity on Z. 

Let V C X be a subvariety of dimension d > 0. Let V be its strict transform in Y n . As T is /- 
exceptional, V % T. Thus T\y is still effective, and as M is ample, (f*C n )\y — M\ v ® T\ v is big by 
|Laz041 Corollary 2.2.7]. (We remark that, although |Laz04j is written with characteristic zero hypotheses 
throughout, the proof of Corollary 2.2.7 there does not use any hypothesis on the characteristic and the 
result holds in general.) 

We claim that f*C n is nef on X n , and therefore its restriction is nef on V. To see this, let C be 
an irreducible curve on X n . We must show that c\ (f*jC n ). [C] > 0. If / contracts C to a point, then 
c\{f* C n ).[C] = 0. Otherwise, C is the strict transform of /(C), and by the previous paragraph f*C n \c 
is big. It thus has positive degree, and so ci (/*£„). [C] > 0. 

Thus (f*C n )\ v is big and nef. By |Laz04[ Theorem 2.2.16] (which works in arbitrary characteristic — 
cf. also [Kee991 Definition-Lemma 0.0]), J v (ci(f* C n )) d > 0. By repeated applications of the projection 
formula |Ful98l Proposition 2.5(c)], we obtain 

/ (ci(£„)) d - ( Cl (£„)) d ./#] = U({ Cl {rC n )) d .[V]) = f (ci(/*£„)) d > 0. 
Jv Jv 

In summary, we have established that J v (ci(C n )) dlmV > for any irreducible subvariety V of X. The 
Nakai criterion |Kle661 Theorem III. 1] thus implies that £„ is ample. 

It remains to conclude that £ is cr-ample. We write g(R) C B(X,£ 7 a) C K[t;a], and may assume 
without loss of generality that t G g(Ri). By Theorem l6.8[ we may identify g(R n ) with 9 e (R n ). This set 
of sections embeds X n in some projective space, and as X n is birational to X the vector space g{R n )t~ n 
generates K. Thus g(R) is a big subalgebra of K[t;a]. As g(R) is nocthcrian, by jSZOOl Theorem 0.1], 
g{R) has subexponcntial growth. 
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The automorphism <j acts naturally on the vector space Num(X) of divisors modulo numerical equiv- 
alence. By |RZ08i Proposition 3.5], this action must be quasi-unipotenh that is, all eigenvalues have 
modulus 1. By |Kee001 Theorem 1.3], C is cr-ample. □ 

We next prove a lemma on the preimages of points in W. 

Lemma 7.5. Adopt Notation \ 7. 1\ and assume that the hypotheses of Theorem \1.2\ hold. Let n > hq and 

let f := f n \x„ '■ X n — > X. Then f*Ox n = X. Further, if w E W' n then f~ 1 (w) is positive-dimensional. 

Proof. Let X' n := <Spec x f*Ox n and consider the Stein factorization 

v a - v> 

b 

X 

of /. If X is a surface, by Lemma \7.2\ it is normal at all points in W' n . This also follows if X is locally 
factorial at points in W n . In either case the finite map b is a local isomorphism above W n , and f~ 1 (w) 
must be positive-dimensional. 

Above points not in W n , both a and b are local isomorphisms by definition. Thus b is a local 
isomorphism at all points and so an isomorphism. □ 

We note that this result may be proved without the local factoriality assumption on X , merely using 
Theorem 16.71 We do not include this proof here. 

We now define the final piece of data we need to define the naive blowup algebra R(X, C, cr, P). This 
will allow us to show that W is supported on finitely many dense er-orbits. 

Notation 7.6. Assume that the hypotheses of Theorem 11.21 hold, and adopt Notation 17.11 For n G N, 

let lZ n C C n be the subsheaf generated by the sections in g{R n ). Let P be the base locus of g(Ri) - 
that is, define P by Ip = IZiC^ 1 . 

Lemma 7.7. Assume that the hypotheses of Theorem ll.B hold, and adopt Notation \7.1\ 

(1) We have g(R) C R(X, C, a, P) . 

(2) Given neN, define 

P„ := Supp(P U o--\P) U • • • U a-^-^fP)). 
Then P n = W' n for n > hq, and set-theoretically we have W = Ufc>o cr ~ k (P)- 

Proof. Since 1Z n is generated by g(R n ) = g(Ri) n , we have !Z n = TZiTZf ■ ■ -TZ^" 1 . (1) follows immedi- 
ately. 

(2). We see that 1Z n is invertible at x if and only if each of the TV{ are invcrtible at x, for < i < n— 1: 
that is, P n is exactly the locus where lZ n is not invertible. 

Let / := f n \x n - Let w E W' n and let T := /^(w) C X n . By Lemma O dimT > 1. Let 
r 6 R n \ ker#'. Then 9'(r) is a nonzero element of H°(Yj l ,A / l' n ). Because dimT > 1 and M' n is very 
ample, 0'(r) must vanish at some point of T. Thus g{r), regarded as a section of the invertible sheaf £„, 
must vanish at w and is contained in H°(X,I w £ n ). We see that lZ n C I w C n , and w G P n . 

Now suppose that x W' n . Let TZ'^ be the image of the natural map 1Z' n —> C n . Since / is a local 
isomorphism above x, therefore (TZ'^) X — (£n)x is invertible. 

The sections in (the image of) R n generate A4 n \x„ at all points of X n . Thus their images under g 
must locally generate 7?." at x, and so 

(R n ) x = (K) x = (C n ) x , 

and x ^ P n . 

Thus P n = W' n . It follows that W = U fe>0 &~ k {P)- □ 

Our next goal is to show that all points of P have dense orbits. Before proving this result, we need a 
lemma. 

Lemma 7.8. Let X be a projective scheme of dimension > 2, let a G Aut^ X, and let C be a a-ample 
invertible sheaf on X . Let T be an ideal sheaf on X , and let P be the subscheme defined by I. For n > 0, 
letS n :=11< T ■ ■ - l*"' 1 £ n . 
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Suppose that (1) dimP = and (2) for every x £ SuppP and every irreducible component Y of X 
so that {cr n (x)} meets Y , the set {o~ n (x)} n Y is Zariski-dense in Y . Then {(S n ) a n} is a left and right 
ample sequence on X. 

Proof. By symmetry, it suffices to prove that the sequence is right ample. By replacing a by a power, 
we may suppose that each irreducible component of X is <r- invariant. 

Let XS» denote the ith infinitesimal ncig hborhood of A rod C X; then lW=I for some N. We 
first reduce to showing that {<S n |x rod } is an ample sequence. Let M be a coherent sheaf supported on 
X( m \ Then there is an exact sequence 

-> M' -> M -> 7W" -> 0, 

where A4" is supported on _X" rcd and .M' is supported on X^™ -1 '. Fix j > 1. For any n, there is an 
exact sequence 

->• /C -> X' (8 5 n -> X ® 5„ X" ® 5„ -> 0, 

where /C is supported on a set of dimension 0. Assume, by way of induction hypothesis, that H 3 (X, M. ' <8> 
S n ) and M" <g> 5 n ) vanish for j > 1 and n > 0. Then H 3 (X, M ® S n ) = for j > 1 and n > 0. 

Taking m — N, we conclude that if {i5 n |A' rod } is an ample sequence then so is {S n }. 

Now suppose that X = A ro <i is reduced and let {X c } c -i < be a list of the irreducible components of 

X. Suppose that M. is a coherent sheaf supported on Ai U • • • U Xj (for some 1 < j < t). We have an 
exact sequence 

-> 7W' -> A4 -> 

with jM' supported on Ji U ■ ■ ■ U -X^-i- As all points of P have dense orbits in their components, no 
translate of any point in P can lie in the intersection of two components. Thus the sequence 

->■ M' <g> 5„ -> X g) 5„ -> ® <5„ -> 0, 

obtained by tensoring with S n remains exact. An induction thus reduces us to showing that {S n \x } 
is a right ample sequence for each j: that is, it suffices to prove the result in the case that X is both 
irreducible and reduced. But this is precisely [RS07L Theorem 3.1(1)]. □ 

Proposition 7.9. Assume that the hypotheses of Theorem hold, and further adopt Notation \ 7. 6] 
Then any w G P has a dense orbit in X . 

Proof. Suppose that for some w £ P, the orbit closure T := {(t"(u>)} ^ X. Now T is a-invariant, and by 
passing to a Veronese and replacing a by a power, we may assume that T is irreducible. We may also 
assume that T is minimal: i.e. any y £ P n T has a dense orbit in T. By Corollary 16.31 dimT > 2. 

Since the cokernel of the maps lZ n — > C n is 0-dimcnsional, and all points in P and W n have infinite 
cr-orbits, it is an easy exercise that there is some k £ N so that 

(7.io) {n m ) x 2 (^ k) £ m )x 

for all x £ r and for all m > iij 6 N. (Here Ip is the fc'th symbolic power of It; we refer to the 
subscheme of X it defines as kT.) By increasing k, we may assume (|7.10[) holds for all m £ N. 

Let T' := (k + 1)T be the subscheme of X defined by l [ T k+1) . Let T := C\ T >. By Theorem El T is 
a- ample on V . 

For each n, let S n C T n be the image of lZ n in T n . Since T n is invcrtible, we may define J n := 
SniFn)- 1 Q Or-. We have J n = J X J^ ■ ■ ■ jf^ . 

Let S := 0fl°(r',5„). Since the points in the subscheme defined by J n have dense orbits in T, by 
Lemma [7T51 the sequence of bimodules {(S n )a"} is left and right ample on T' . By [Sielll Lemma 7.4], S 
is a finitely generated left and right module over R. Thus S is left and right noetherian. 

Let U be the ideal sheaf on V defining fcr C V . We have J n D H for all n £ N, by 1(730)) . Let 

H:=@H°<r',KF n ). 

n>0 

Since %J- n C iS„ for all n and fcr is cr-invariant, this is a two-sided ideal of S*. 

By Lemma 17.71 J n C for all n g N. Let m > 1 £ N. It follows from Nakayama's lemma that 
{% n J n )Jm = 'H-Jm ^ H = H n J", l+m for any n > 1. Since J 7 is er-ample, for n » the sheaf HFn+m 
is globally generated. Thus for n ^> 0, we have i?„ • C H°(F', (7iJ- n )S^) ^ H n+m . This shows P is 
not finitely generated as a right ideal, giving a contradiction. 

Thus the orbit of w is dense in A". □ 
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8. The main theorem 



In this section, we prove Theorem 11.21 in fact, we prove a stronger structure theorem for R and for 
the point space Yqo. 

Theorem 8.1. Let R be a noetherian connected graded k-algebra generated in degree 1, where k is an 
algebraically closed uncountable field. Let Y x be the point space of R, and let F, G be as in Notation \2.4\ 
Suppose: 

(i) there is a commutative diagram 




G 



where X is a a projective scheme and a coarse moduli space for G. 
Suppose further that: 

(ii) X is a variety of dimension > 2 that is either a surface or locally factorial at all indeterminacy 

points ofp^ 1 ; 
(hi) the map G —y X is bijective on k-points; 

(iv) the indeterminacy locus of p~ x consists (set-theoretically) of countably many points; 
Then: 

(a) Yoo is noetherian; 

(b) Let fl be the indeterminacy locus of p~ l . Then there are an automorphism a of X and a finite 
subset P' of X , all of whose points have critically dense orbits, so that Q is supported on half- 
orbits of points in P' . In particular, £1 is critically dense in X. 

(c) there are a a -ample invertible sheaf C on X and a closed subscheme P of X with Supp P = P' 
so that there is a homomorphism, surjective in large degree, 

g:R^R(X,C,a,P). 

Furthermore: 

(d) any graded homomorphism from R to a birationally commutative algebra factors through g in 
large degree. 

(c) Define 6' ,8 e as in Section [JJ Then ker g = ker 9' = kcr# e . 

Proof, (c). Let K := k(X). Let a £ Aut k (X) and g : R ->• K[t;a] be given by Theorem EU We write 
S := g(R). By Theorem 16. 81 we have ker g = ker 6' = ker6* e . 
(d) is the universal property of 9 e in Theorem 14.91 

(c) Let the rank 1 reflexive sheaf C on X be as in Notation 15.81 By Corollary 17.31 C is invertible and 
S CB{X, £, cr). By Theorem El C is a-ample. 

For n > define lZ n C C n to be the subsheaf generated by the sections in g(R n ). Let P be the 
subscheme of X defined by TZiC^ 1 . Let P' := Supp P. Since g(R) is generated in degree 1, we have 
Tin = TlxTll ■■■nf, and g(R) C R(X, C, er, P) C B(X, C, a). 

Adopt Notation 17.11 That is, for n > no, let X n C be the strict transform of X. Recall that 
W n is the indeterminacy locus of the rational map (/ n |x„) _1 : X — * X n . By Lemma [7.71 we have 
W' n = P' U • • • U o-~^ n ~^(P') for n > n . By Proposition [721 all points in P' have dense orbits. 

The sections in g(R n ) = 9'{R n ) define an immersion ofI \ W' n ^ f„ 1 (X \ W^) n X n ^ P d for 
appropriate d. We apply the following result of Rogalski and Stafford: 

Theorem 8.2. f|RS07j Theorem 9.2]) Let X be a projective variety, let a £ Aut(X), and let C be a 
a -ample invertible sheaf on X . Let T = Ip be an ideal sheaf on X so that P is O-dimensional and so 
that all points in P have dense orbits. 

Let S' C R(X, C, cr, P) be a noetherian subalgebra so that 

(1) for n>0 the sections in S' n generate Ip(Ip) rT . . . (Tp) a C n ; and 

(2) for n>0 the sections in S' n restrict to give an immersion 

X \ (P U (7 _1 (P) U • • • U o-- {n - l) {P)) ^ P N . 
Then S' = R(X, C, cr, P) up to finite dimension, and all points in P have critically dense orbits. 
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We obtain immediately that g{R) and R(X, £, a, P) are equal in large degree, and that all points in 
P' have critically dense orbits. 

(a) . By part (e), kerg annihilates any i?-point module. Thus Koo is also the point space for S, and is 
noetherian by Theorem 13.31 

(b) Let q : —> X be the map constructed in Proposition 13.41 Since q is constant on ^-equivalence 
classes, it factors through p, and there is a morphism t : X — > X so that rp = q. By Proposition l3.4f iii). 
q -1 is defined at the generic point of X. As p~ x is defined at the generic point of X by assumption, r 
is birational and thus: 

Claim 8.3. t is an automorphism of X. 

Proof of Claim. As in the proof of Lemma 2.3(1) of |Fuj02| , r is finite, as well as birational. (We note 
the cited result applies to projective nonsingular varieties defined over C; but the latter two hypotheses 
are not used in the proof we cite.) By finiteness of the integral closure, (t")»0x = (r n+1 )^Ox for some 
neff. As t™ is finite and so affine, we have Ox = i~*Ox, and so r is an isomorphism. □ 

Returning to the proof of the theorem, let Q be the indeterminacy locus of p^ 1 ; then r(fi) is the 
indeterminacy locus of q" 1 . By Proposition 13. 4f iii). we have 



T(tt)=\J{a- n (P')\n>0}. 



Consider the maps 




The top and bottom faces of the diagram commute by definition of r, and the left face commutes by the 
construction of a in Proposition The right face commutes by Proposition 13. 4f t). Thus 

aTp = aq = qty = rp'fy = Tap. 

By Lemma \2. 21 we have 

(8.4) ar = ra. 

Note that p^ 1 is not defined at any point in (J W n = \J{cr~ n {P') \ n > 0}. We thus have 
\J{°- n (P') I n > 0} C n = |J{t-V-"(P') I n > 0}) = \J{a- n r^ (P') \ n > 0}, 



by (|8.4p . Thus r permutes the finitely many orbits of points in P', and thus there is some k < so that 
\J{o- n T- 1 (P') | n > 0} C U{^ _ "(^') I n > k}. Thus 

\J{(r~ n T- 1 (P') \n>0}CilC |J{cr" ,l (P') | n > k}. 

We observed already that all points in P' have critically dense or bitsQ □ 



Theorem fL2] is immediate from Thcorcm l8.ll We note that we do not believe that the local factoriality 
hypothesis in Theorem 11.21 is necessary. 

To end, we comment on some open problems. The results in this paper naturally lead to the ques- 
tion of understanding the canonical birationally commutative factors of noetherian algebras: that is, of 
classifying noetherian birationally commutative graded algebras generated in degree 1. We believe that 
Theorem 18.11 should have an extension to any situation where there is a coarse moduli scheme for tails 
of point modules. In particular, we conjecture that given a noetherian connected graded k-algebra i?, 
generated in degree 1, and a projective scheme X that is a coarse moduli space for tails of i?-points, the 
image of R inside k(X)[t; a] is in fact contained in the twisted homogeneous coordinate ring of a cr-ample 
invertible sheaf on X. We cannot prove this, however; moreover, understanding the image of R would 
require understanding the analogues of naive blowup algebras at positive-dimensional subschemes, and 
these have not yet been studied. 



^In fact, for appropriate m, n we have a n = r m . To see this, let m ^ be such that r m leaves some orbit of a point in P 
invariant. Then for some p S P and n £ Z, we have r m (p) = a n (p). Since the fixed point set of a n r~ m is Zariski-closed 
in X and includes all points in the (dense) orbit of P, it must consist of all of X. 
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More interesting, perhaps, is the existence of noetherian birationally commutative algebras with no 
coarse moduli scheme of tails of points. The algebra discussed in |RS11| is of this type, as Rogalski and 
the second author will show in forthcoming work. Thus algebras such as those appearing in |RSllj must 
appear in any putative classification of canonical birationally commutative factors. Note this algebra 
has no nonzero maps to a twisted homogeneous coordinate ring! We cannot yet precisely define what 
geometry characterizes such algebras; these questions are the subject of ongoing research. 

Finally, we note that if P is supported on infinite but not critically dense er-orbits, then R(X, C, a, P) 
is not noetherian and neither (given sufficient ampleness of C) is its point space. This contrasts with 
the conclusion of Theorem 11.21 that is noetherian. Thus the results here give some evidence for the 
point of view that noetherianness can be detected geometrically. We conjecture that the point space Yqo 
of any noetherian algebra is noetherian. 
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